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Abstract
A proper vertex k-coloring C1; C2; : : : ; Ck of a graph G is called l-bounded (l>0) if
jCi n N (u)j6l for each i = 1; 2; : : : ; k and each vertex u 2 VG n Ci, where N (u) is the
neighborhood of u. Let C(k; l) be the class of all graphs having an l-bounded k-coloring (k>1
and l>0).
We prove that every class C(k; l) has a nite forbidden induced subgraph characterization.
This result implies the existence of polynomial algorithms for recognition of C(k; l). The set of
all 14 minimal forbidden induced subgraphs for C(3; 1) is found. c© 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction and preliminary results
All graphs will be nite and undirected, without loops or multiple edges. Standard
terminology can be found in [1]. For a graph G, VG and EG denotes the set of
vertices and edges in G, respectively. The neighborhood of a vertex u 2 VG is
N (u)= fv 2 VG: u is adjacent to vg. A set X VG is independent if N (x)\X = ; for
every x 2 X . The independence number (G) is the maximum cardinality of an
independent set in G.
Now we dene a new kind of a vertex coloring. A proper vertex k-coloring
C1; C2; : : : ; Ck of a graph G is called l-bounded (l>0) if
jCinN (u)j6l; (1)
for each i = 1; 2; : : : ; k and each vertex u 2 VG n Ci. Denote by C(k; l) the set of all
graphs having l-bounded k-coloring (k>1 and l>0).
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Let ISub(G) be the set of all induced subgraphs of a graph G. A class of graphs
P is called hereditary if ISub(G)P for every G 2 P. Clearly, every class C(k; l) is
hereditary and
C(k; l)C(k + 1; l) for any k>1;
C(k; l)C(k; l+ 1) for any l>0;
1[
l=0
C(k; l) = C(k);
where C(k) is the set of all k-colorable graphs. So C(k; l) can be considered as an
approximation of C(k). We prove that C(k; l) has a nite forbidden induced sub-
graph characterization and so the recognition problem ‘G 2 C(k; l)’ can be solved
polynomially.
A hypergraph H=(V; E) is called linear k-uniform if jej=k and je\e0j61 for every
e 6= e0 2 E. Denote by Llk the set of line graphs (i.e., hyperedge intersection graphs)
of all linear k-uniform hypergraphs. The recognition problem ‘G 2 Llk ’ is NP-complete
[2] for every xed k>3. There is a Krausz-type characterization of Llk [3]: G 2 Llk if
and only if G contains a set G1; G2; : : : ; Gt of complete subgraphs (Krausz covering)
such that
(i) every edge of G belongs to exactly one set EGi (16i6t);
(ii) every vertex of G belongs to exactly k sets VGi (16i6t).
Let G 2 Llk and G1; G2; : : : ; Gt be a Krausz covering of G. Choose a vertex u 2 VG.
Let u 2 VGi, i=1; 2; : : : ; k. Consider a graph H induced by N (u). The sets Vi=VGinfug
(i = 1; 2; : : : ; k) constitute a partition of VH and every Vi induced a complete graph.
Let i; j 2 f1; 2; : : : ; kg, i 6= j, and v 2 Vi. According to (i) and (ii) we may
assume that v 2 VGi; VGk+1; VGk+2; : : : ; VG2k−1. There are no vertices of VGi in Vj and
jVj \ VGt j61 for every t = k + 1; k + 2; : : : ; 2k − 1. So v is adjacent to at most k − 1
vertices of Vj.
Thus, H has a (k−1)-bounded k-coloring induced by a Krausz covering. Hence the
condition H 2 C(k; k − 1) is necessary for G 2 Llk .
For a set Z of graphs let FIS(Z) = fG: ISub(G) \ Z = ;g. If P = FIS(Z) then Z
is called a set of forbidden induced subgraphs for P. A forbidden induced subgraph
H 2 Z is minimal if ISub(H) n fHgP.
Proposition 1. (i) C(1; l) = FIS(K2) for all l>0;
(ii) C(k; 0) = FIS(K1 [ K2; Kk+1) for all k>2;
(iii) C(2; 1) = FIS(C3; 2K1 [ K2; C5; K1 [ C4);
(iv) C(2; 2) = FIS(C3; 3K1 [ K2; C5; C7; G1; : : : ; G4) (Fig. 1).
Proof. (i) C(1; l) = C(1) is the set of all edgeless graphs, i.e., FIS(K2).
(ii) Clearly, C(k; 0) is the set of all complete k-partite graphs (the parts may be
empty) which is the intersection of FIS(K1 [ K2) (complete multipartite graphs) and
FIS(Kk+1).
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Fig. 1.
(iii) The inclusion C(2; 1)FIS(C3; 2K1 [ K2; C5; K1 [ C4) follows from the fact
that these four graphs have no 1-bounded 2-coloring. To prove the reverse inclusion,
we consider an arbitrary graph G 2 FIS(C3; 2K1 [ K2; C5; K1 [ C4). Clearly, G does
not contain any odd cycles and hence it is bipartite.
If G has an isolated vertex u then K1 [ K2 62 ISub(G − u) (otherwise 2K1 [ K2
2 ISub(G)). So G − u is a complete bipartite graph Km;n. From K1 [ C4 62 ISub(G) it
follows C4 62 ISub(G − u) and hence min(m; n)61. Then G 2 C(2; 1).
Now let G be a graph without any isolated vertices. Every vertex of G is adjacent
to all vertices of the other part except at most one (otherwise 2K1 [ K2 2 ISub(G)).
So G 2 C(2; 1).
(iv) It is not hard to check that none of the listed graphs has a 2-bounded 2-coloring.
Let G be a graph that does not contain any of these graphs as induced subgraphs.
Since C3; C5; C7; 3K1 [ K2 62 ISub(G) it follows that G has no odd cycles and so it
is bipartite. If G is edgeless, then G 2 C(2; 2). Otherwise, G has at most 3 components
(because 3K1 [ K2 62 ISub(G)). Denote by i the number of isolated vertices in G. Let
n be the number of non-trivial components in G. Since n>1 and n + i63, we have
only the following cases.
Case 1: i = 0. For any vertex u 2 VG there exist at most two vertices in the other
part which are not adjacent to u (otherwise 3K1 [ K2 2 ISub(G)). Hence G 2 C(2; 2).
Case 2: i = 1 and n = 1. Let G = K1 [ H , where H is a connected bipartite graph
with parts A and B. Every vertex in A (respectively, in B) is adjacent to all vertices
of B (respectively, A) except at most one. It is not hard to check that if jAj>3 and
jBj>3 then G has one of the forbidden induced subgraphs G1; : : : ; G4, a contradiction.
Otherwise we put the isolated vertex with the largest part of H and obtain a 2-bounded
2-coloring of G.
Case 3: i=1 and n=2. Since G 62 FIS(3K1[K2) it follows that G=K1[2K2 2 C(2; 2).
Case 4: i = 2 and n = 1. We have G = 2K1 [ H , where H is a complete bipartite
graph Km;n (because K1[K2 62 ISub(H)). Since G4=K1[K3;3 62 ISub(G);min(m; n)62.
We put the isolated vertices of G with the largest part of H and obtain 2-bounded
2-coloring, i.e., G 2 C(2; 2):
Thus, for small values of k and l classes C(k; l) have a nite forbidden induced
subgraph characterization. We will show that this is true for all k>1 and l>0. This
result implies the existence of polynomial algorithms for recognition of all classes
C(k; l).
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2. The existence of a nite FIS-characterization for C (k; l)
Lemma 2. If G 2 C(k; l) and I is an independent set in G with cardinality jI j>kl+1;
then I is contained in a color class of any l-bounded k-coloring of G.
Proof. Let C1; C2; : : : ; Ck be an arbitrary l-bounded k-coloring of G. Since jI j=k > l, at
least one color class contains more than l vertices of I . Let jC1 \ I j>l+1. It follows
from (1) that Ci \ I = ; for all i = 2; 3; : : : ; k, i.e., I C1:
Denote by Z(k; l) the set of all minimal forbidden induced subgraphs for C(k; l).
For k>2; l>1; (k; l) 6= (2; 1), and r 2 fl + 1; l + 2; : : : ; kl − 1g denote by G(k; l; r) a
graph with vertex-set fu; v1; v2; : : : ; vklg and edge-set fuvi : i = r + 1; r + 2; : : : ; klg.
Lemma 3. G(k; l; r) 2 Z(k; l) for all k; l and r for which G(k; l; r) is dened.
Proof. Suppose that G = G(k; l; r) has an l-bounded k-coloring C1; C2; : : : ; Ck . Let
I =fv1; v2; : : : ; vklg; VG n I =fug. If jI \Cij>l+1 for some i (16i6k) and I nCi 6= ;,
then the condition (1) fails for every vertex of I nCi and Ci. If I Ci then u 62 Ci and
jCi n N (u)j= r>l+ 1, i.e., (1) fails for u and Ci. Since jI j= kl, we have jI \ Cij= l
for all i=1; 2; : : : ; k. Let u 2 C1. Then jC1j= l+1 and every vertex v 62 C1 is adjacent
to a vertex of C1, i.e., to u. So jI n N (u)j = jC1nfugj = l< r, a contradiction to the
denition of G(k; l; r).
For any vertex x 2 VG the graph G− x has a k-coloring in which every color class
has cardinality l. Evidently, such a k-coloring is l-bounded. Hence G is a minimal
forbidden induced subgraph.
An independent set I of a graph G 2 Z(k; l) is called universal if for each vertex
u 2 VG the set I n fug is a color class of every l-bounded k-coloring of G − u.
Lemma 4. Let I be a maximal independent set of a graph G 2 Z(k; l); k>2; l>1
and (k; l) 6= (2; 1). If jI j >kl+ 1 then I is a universal set.
Proof. For each r= l+1; l+2; : : : ; kl−1, since G;G(k; l; r) 2 Z(k; l) by Lemma 3 and
jVGj> jVG(k; l; r)j, therefore G(k; l; r) 62 ISub(G). Hence every vertex of VG n I is
adjacent to at least jI j−l>l(k−1)+2>2 vertices of I . Since G 2 Z(k; l), G−u has an
l-bounded k-coloring C1; C2; : : : ; Ck for any vertex u 2 VG. Let I 0= I nfug; jI 0j>kl+1.
By Lemma 2, I 0 is contained in some color class Ci. Every vertex v 2 V (G − u) n I 0
is adjacent to at least one vertex of I 0 since jN (v)\ I j>2 in G. So v 62 Ci, i.e., I =Ci
and I is universal.
Theorem 5. For all k>1 and l>0 the set Z(k; l) is nite.
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Proof. Suppose on the contrary that Z(k; l) is innite. By Proposition 1, k>2; l>1 and
(k; l) 6= (2; 1). Evidently, Kk+1 2 Z(k; l). So no graph in Z(k; l) contains Kk+2. By the
theorem of Ramsey [4] there is an innite sequence (Gi: i>1) of graphs Gi 2 Z(k; l)
such that
kl+ 1<(G1)<(G2)<   <(Gi)<    (2)
Since (Gi)>kl+1, any maximum independent set Ii of Gi is universal (Lemma 4).
Choose a vertex vi 2 Ii and construct an l-bounded k-coloring Ci1; Ci2; : : : ; Cik of Gi−vi
with Ci1 = Iinfvig. Put Ci1 = Ii; Cij =Cij for j= 2; 3; : : : ; k. Thus, Gi is k-colorable. We
can assume that jCi1j>jCi2j>   >jCik j.
Let p be the largest j 2 f1; 2; : : : ; kg such that the sequence (jCijj: i>1) is not
bounded above. The existence of p follows from (2) since jCi1j = (Gi). Without
loss of generality we can assume that the sequence (jCipj: i>1) is increasing and
jC1pj>kl+1. Since jCijj>jCipj for all i>1 and 16j6p, the sequence (jCijj: i>1) is
not bounded above and all its members are greater than kl+1. On the other hand, for all
j=p+1; p+2; : : : ; k the sequence (jCijj: i>1) is bounded above. Let cj=maxfjCijj: i>1g,
p+ 16j6k, and c =maxfcj: p+ 16j6kg.
We shall show that Cij; 16j6p; is a maximal independent set in Gi. It is true for
j = 1. Suppose 26j6p and x 62 Cij [ fvig. Since the k-coloring Ci1; Ci2; : : : ; Cik of
Gi − vi is l-bounded, x is adjacent to at least jCijj − l>(kl + 2) − l>4 vertices
of Cij = Cij.
Let now x = vi. It is necessary to show that Cij [ fvig is not independent. Suppose
it is. Choose a vertex wi 2 Ii n fvig and construct an l-bounded k-coloring of Gi − wi.
By Lemma 4, Ii n fwig coincides with a color class C in this coloring. By Lemma
2 Cij [ fvig is contained in some color class. Since vi 2 C, Cij C. This contradicts
the fact that jIij>kl+ 2>5 and every vertex of Iinfvi; wig is adjacent to at least four
vertices of Cij. Thus, every class C
i
j; 16j6p, is a maximal independent set and, by
Lemma 4, is universal.
Let Pi =
Sp
j=1 C
i
j and Qi = VGinPi. We claim that every vertex of Pi is nonadjacent
to at least l+1 vertices of Qi. Suppose on the contrary that it is not true for a vertex
y 2 Cit Pi and jQi n N (y)j6l. Construct an l-bounded k-coloring Di1; Di2; : : : ; Dik of
Gi − y. Since Cij; 16j6p, is a universal set, we may assume that Dij = Cij for all
j = 1; 2; : : : ; t − 1; t + 1; t + 2; : : : ; p and Dit = Cit nfyg. By adding y to Dit we obtain a
k-coloring Ci1; C
i
2; : : : ; C
i
p; D
i
p+1; D
i
p+2; : : : ; D
i
k of Gi. By construction, the condition (1)
for this k-coloring can fail only in the following three cases:
(i) for a vertex z 62 Cit and the class Cit ;
(ii) for y and a class Cij Pi; j 6= t;
(iii) for y and a class Dij Qi.
We rst show that (i) is not possible. From the maximality of Cit as an independent
set it follows that z is adjacent to at least one vertex of Cit . If z is nonadjacent to at least
l+ 1 vertices of Cit then G(C
i
t [ fzg) has an induced subgraph of the form G(k; l; r),
which impossible by Lemma 3. The impossibility of (ii) is proved in a similar way.
Finally jDij n N (y)j6jQi n N (y)j6l, i.e., (iii) is also impossible.
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Fig. 2. Minimal forbidden induced subgraphs for C(3; 1).
We conclude that Gi has an l-bounded k-coloring, a contradiction. So we have
proved the claim that every vertex y 2 Pi is nonadjacent to at least l + 1 vertices of
Qi.
Denote by qi the number of edges between Qi and Pi in the complementary graph
Gi. As we have seen, qi>(l + 1)jPij. On the other hand, (1) holds for every vertex
of Qi and for every class Cij Pi. So qi6lpjQij6lpc(k − p). Then
(l+ 1)jPij6lpc(k − p);
which contradicts the fact that jPij ! 1 as i !1:
Theorem 6. C(3; 1) = FIS(G1; : : : ; G14) (see Fig. 2).
We omit the proof of Theorem 6 because it is too long.
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